We prove that for any coarse spaces X 1 , . . . , Xn of asymptotic dimension ≥ 1 the product X = X 1 × · · · × Xn has asymptotic dimension ≥ n.
The asymptotic dimension of a metric (more generally, coarse) space is an important number characteristic of the space, introduced by Gromov [4] . The asymptotic dimension is a coarse counterpart of the Lebesgue covering dimension of topological spaces. By a result of Holsztyński [5] and Lifanov [6] (see also [3, 1.8 .K]), for any compact Hausdorff spaces X 1 , . . . , X n of dimension dim X i ≥ 1 the product X = X 1 × · · · × X n has covering dimension dim X ≥ n. In this paper we prove a counterpart of this result in the category of coarse spaces, answering a question of Protasov. Namely, we prove that for coarse spaces X 1 , . . . , X n of asymptotic dimension asdimX i ≥ 1 the product X = X 1 × · · · × X n has asymptotic dimension asdimX ≥ n.
First we recall the necessary definitions from Asymptology. Coarse spaces. An entourage on a set X is any subset E of the square X × X such that
For an entourage E on X and a point x ∈ X the set
A coarse structure on a set X is a family E of entourages on X, satisfying the following axioms:
• for any E, F ∈ E we have E • F ∈ E;
• an entourage F on X belongs to E if there exists an entourage E ∈ E such that F ⊂ E;
A coarse space is a pair (X, E) consisting of a set X and a coarse structure E on X. Each metric d on X generates the coarse structure
called the canonical coarse structure of the metric space (X, d). This coarse structure is generated by the base B = {(x, y) ∈ X × X : d(x, y) ≤ r} : r ≥ 0}. For coarse spaces (X 1 , E 1 ), . . . (X n , E n ) their product is the Cartesian product X = X 1 ×· · ·×X n endowed with the coarse structure E generated by the base
If for every i ∈ {1, . . . , n} the coarse structure E i is generated by a metric d i , then the coarse structure E on X = X 1 × · · · × X n is generated by the metric
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More information on coarse spaces can be found in [7] , [8] and [9] .
Asymptotic dimension Let X be a coarse space and E be its coarse structure. A cover U of X is called uniformly bounded if there exists an entourage E ∈ E such that U × U ⊂ E for every U ∈ U.
A coarse space X is defined to have finite asymptotic dimension if there exists a non-negative integer n such that for any entourage E ∈ E there exists a uniformly bounded cover U of X such that for every x ∈ X the family U x = {U ∈ U : E[x] ∩ U = ∅} has cardinality |U x | ≤ n + 1. The smallest number n with this property is called the asymptotic dimension of X and is denoted by asdim(X). If X fails to have finite asymptotic dimension, then we put asdimX = ∞ and say that X has infinite asymptotic dimension. Here we assume that ∞ ≥ n for any n ∈ ω.
More information on asymptotic dimension can be found in the surveys [1] and [2] . These surveys mention many results establishing upper bounds for the asymptotic dimension of products. However, we could not find general results giving lower bounds for the asymptotic dimension of products. In this note we provide such a lower bound.
The main result of this note in the following theorem that answers a question of Protasov (asked in an e-mail correspondence). Theorem 1. Let X 1 , . . . , X n be coarse spaces of asymptotic dimension ≥ 1. Then the product X = X 1 × · · · × X n has asdim(X) ≥ n.
In the proof of this theorem we shall exploit two lemmas. The first of them is due to Lebesgue and can be found in [3, 1.8.20 ].
Lemma 1 (Lebesgue Covering Lemma). If F is a closed cover of the cube [0, 1] n , no member of which meets two opposite faces of [0, 1] n , then there is a point x ∈ [0, 1] n such that |{F ∈ F : x ∈ F }| > n.
The second lemma is a characterization of asymptotic dimension zero in terms of chains. For an entourage E on a set X an E-chain is a sequence of points x 0 , . . . , x n in X such that (x i−1 , x i ) ∈ E for every i ∈ {1, . . . , n}.
Lemma 2.
A coarse space (X, E) has asymptotic dimension zero if and only if for any entourage E ∈ E there exists an entourage F ∈ E such that (x 0 , x n ) ∈ F for any E-chain x 0 , . . . , x n in X.
Proof. To prove the "only if" part, assume that asdim(X, E) = 0. Then for every E ∈ E there exists a uniformly bounded cover U of X such that for every x ∈ X the E-ball E[x] meets a unique set U ∈ U. By the uniform boundedness of U, there exists an entourage F ∈ E such that U × U ⊂ F for every U ∈ U. Now take any E-chain x 0 , . . . , x n ∈ X. Find a unique set U ∈ U containing the point x 0 . By induction we shall show that x i ∈ U for any i ≤ n. For i = 0 this follows from the choice of U . Assume that for positive i < n we have proved that x i belongs to U . By the choice of the cover U, the E-ball E[x i ] does not intersect any set of the family U \ {U } and hence
To prove the "if" part, assume that for any entourage E ∈ E there exists an entourage F ∈ E such that (x 0 , x n ) ∈ F for any E-chain x 0 , . . . , x n in X. For every x ∈ X let U x be the set of all points y ∈ X for which there exists an E-chain x = x 0 , x 1 , . . . , x n = y. The choice of the entourage F guarantees that U x ⊂ F [x] and hence the cover U = {U x : x ∈ X} of X is uniformly bounded. It is easy to see that for each x ∈ X the set U x is the unique set in U that meets the E-ball E[x]. Therefore, the cover U witnesses that asdim(X, E) = 0.
Proof of Theorem 1. Let X 1 , . . . , X n be coarse spaces of asymptotic dimension ≥ 1 and X = X 1 × · · · × X n be their products. Let E be the course structure of the space X and for every i ∈ {1, . . . , n} let E i be the coarse structure of the coarse space X i .
By Lemma 2, for every i ∈ {1, . . . , n} there exists an entourage E i ∈ E i such that for every D i ∈ E i there exists an E i -chain x 0 , . . . , x n ∈ X such that (x 0 , x n ) / ∈ D i . The entourages E 1 , . . . , E n induce the entourage
Assuming that asdim(X) < n we can find a uniformly bounded cover U of X such that |{U ∈ U : E[x] ∩ U = ∅}| ≤ n for any x ∈ X. By the uniform boundedness of the cover U, there is an entourage D ∈ E such that U × U ⊂ D for any U ∈ U. We can assume that
For every i ∈ {1, . . . , n} the choice of the entourage E i yields an E i -chain x 0,i , . . . ,
. . , m i }, and the map f : Z → X, f : (k 1 , . . . , k n ) → (x k1,1 , . . . , x kn,n ).
The cover U of X induces the cover f −1 (U) = {f −1 (U ) : U ∈ U} of Z.
Endow the cube K with the metric generated by the norm (
Claim 1. For every U ∈ U the set W U cannot intersect two opposite faces of the cube K.
Proof. To derive a contradiction, assume that for some i ∈ {1, . . . , n} there are points y = (y 1 , . . . , y n ) and z = (z 1 , . . . , z n ) in W U such that y i = 0 and z i = m i . By the definition of the set W U , there exist vectors y ′ = (y ′ 1 , . . . , y ′ n ) and
which contradicts the choice of the chain x 0,i , . . . , x mi,i .
By the Lebesgue Covering Lemma 1, there exists a point x ∈ K such that the set U * = {U ∈ U : x ∈ W U } has cardinality |U * | > n. Choose any point z ∈ Z such that x − z ≤ 1 2 . The choice of the cover U guarantees that the family U ′ = {U ∈ U : U ∩ E[f ( z)] = ∅} has cardinality |U ′ | ≤ n.
On the other hand, for any U ∈ U * , there exists a point y ∈ f −1 (U ) such that x − y ≤ 1 2 and hence y − z ≤ 1. Then (f ( y), f ( z)) ∈ E and hence E[f ( z)] ∩ U = ∅. Then U * ⊂ U ′ and |U ′ | ≥ |U * | > n, which a desired contradiction showing that asdimX ≥ n.
